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Abstract 

We prove that the space of symplectic packings of CP 2 by k equal 
balls is connected for 3 < k < 6. The proof is based on Gromov-Witten 
invariants and on the inflation technique due to Lalonde and McDuff. 

1 Introduction 

Let (M 4 , u) be a symplectic 4-manifold. Denote by Emb(]J^ =1 (B 4 (X q ) , u> s td)', 
M, uj) the space of symplectic embeddings of the disjoint union ]JgLi P 4 (\) 
into (M, u>), where P 4 (A) denotes the standard 4-dimensional closed ball of 
radius A, equipped with the standard symplectic form oj st d = dx\ A dy\ + 
dx2 A di/2- We endow these spaces with the C°° topology. 

In this paper we discuss iTQ(Emb), that is the set of symplectic isotopy 
classes of symplectic embeddings of balls into M. 

We shall be mainly concerned with the symplectic manifolds (Int B 4 (l), 
uJstd) an d (CP 2 , cr s td)i where a st d denotes the standard Kahler form on CP 2 , 
normalized such that / 1 a s td = ?r- 

Quite a lot of research has been made concerning symplectic embed- 
dings of balls into (Int B 4 (l),u) s td) and (CP 2 , a s td)- The main directions of 
research are summarized bellow : 



In [M-P] McDuff and Polterovich found necessary and sufficient condi- 



tions on the radii of the balls X q , for U^Li B 4 (X q ) to embed symplecti- 
cally into CP 2 or IntB 4 (l), when 1 < N < 9, and for N = k 2 , keN. 



McDuff proved in [McD 2|] that the spaces Emb(B 4 (Xi) TJ P 4 (A 2 ); CP 2 ) 



are connected when non-empty. 
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In what follows we prove connectedness of the spaces of symplectic em- 
beddings of 3,4,5 and 6 balls into CP 2 and Int B A {1). As corollaries we prove 
some results on extensions of symplectic embeddings of balls to embeddings 
of larger balls. 

The methods we use are based on Gromov's theory of pseudo-holomorphic 
curves, and following Lalonde and McDuff, on the inflation technique for 
correcting pseudo-isotopies to isotopies. 

A remark on the notations. Since our main objects of interest are 
{CP 2 ,a std ) and (Int B 4 (l),u; std ), Emb(Y[* =1 (B\X q ),u std ); M,u) will be de- 
noted sometimes by Emb(X\, . . . , X q ), when no confusion may occur. 

2 Statement of the main results 

2.1 Connectedness of spaces of symplectic embeddings 
Proposition 2.1 

3 

1) Ernb(X\ B 4 (X); CP 2 , cr s td) is connected when it is non-empty (that is, 

l 

when A < -^). 

4 

2) Emb(Y\ B A (X); CP 2 , o~ s td) is connected when it is non-empty (that is, 

l 

when A < -^). 

5 

3) Emb(\ J B 4 (X); CP 2 , a s td) is connected when it is non-empty (that is, 

l 

when X < 

6 

4) Emb(Y\_ B 4 (X); CP 2 , o~ s td) is connected when it is non-empty (that is, 

l 

when X < 

The proof of this proposition appears in section |6|. See also propositions 
|7.1| - f?J^ for slightly sharper results concerning balls of different radii, and 
arbitrary number of balls. 

The next proposition gives some information on the connectedness of the 
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space of symplectic embeddings of arbitrary number of balls, provided that 



they are small enough (compare with | McD 2 | section 3.6). 



N 

Proposition 2.2 Pm6(| J P 4 (A g ); CP 2 , o~ s td) is non-empty and connected 

1 

N 

when 22 < 1 • 

9=1 

Note that this proposition covers all the cases of embedding spaces of one 
and of two balls. 

2.2 Extensions of symplectic embeddings 

As a corollary of the previous propositions we prove: 

Corollary 2.3 1) Let 1 < N < 6, and let n > be such that 

N 

Emb(\ J B 4 (fi); CP 2 ) ^ 0. Let A < [i, then every symplectic embedding 
l 

N 

JJ-B 4 (A) — > (CP 2 , (7 s td), can be extended to a symplectic embedding 
l 

N 

]\B\ii)^{CP 2 ,a std ). 

l 

iV 

2) Let 1 < JV < 6, and let (j, > be such that Emb(]]_B 4 (fi);CP 2 ) ^ 0. 

l 

Lei r < N, then every symplectic embedding JJP 4 (//) — > (CP 2 ,a s td), can 

l 

N 

be extended to a symplectic embedding ]JP 4 (^) — > (CP 2 , a s td)- 

l 

The proof can be found in section [6|. 

3 Symplectic embeddings of balls and blow-ups 

In order to fix notations, we briefly review in this section some results con- 
cerned with the relations between symplectic embeddings and blow-ups. The 
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first results in this direction were established by McDuff in JMcD how 



ever, for our purposes it is more convenient to use the formulation appearing 



in |M-P] and M 



3.1 Blowing-up in the symplectic category 

We start with the following definition 

Definition 3.1 Let (M,uj) be a symplectic manifold, and let be J an uj- 

tamed almost complex structure on M . We say that uj is J -standard near 
p £ M iff pair (uj,J) is diffeomorphic to the standard pair (uj s td,i) ofM? n , 
near p. 

Let (M 2n ,uj) be a closed symplectic manifold. Let x € M, and choose 
an oj-tamed almost complex structure J, for which u is J-standard near 
x. Denote by G : (M, J) — > (M, J) the complex blow-up of M at x. Let 
ip : (B 2n (X) — > (M, uj) be a symplectic embedding which is (i, J) holomorphic 
near £ B 2n (X), and such that tp(0) = x. The symplectic embedding ip 
gives rise to a symplectic form on M, in the cohomology class \p^] = 
[@*uj] — ir\ 2 e, where e is the Poincare dual to the homology class of the 
exceptional divisor S = B _1 (x). The form uJ^, is called the symplectic blow- 
up of uj with respect to t/j, and is uniquely defined up to isotopy of forms. 
For the construction of the form afy, see |M-P ] section 5, or [ M-S ] pages 
223-225. 

The same construction extends for arbitrary symplectic embeddings ip : 
B 2n (\) -> (M,u>) (that is, without assuming tp to be holomorphic near 0), 
in view of the following lemma (see ||M-S| ). 

Lemma 3.2 (McDuff-Polterovich) Let : (B 2n (\),uj std ) (M,u) be a 
symplectic embedding, and let J be an ui-tamed almost complex structure 
on M , such that uj is J-standard near x. Then for every compact subset 
K C M \ {x} there exist a number S G (0, A), a symplectic form uj' on M 
which is isotopic to uj and is J-standard near x, and a symplectic embedding 
ip' : (B 2n (\),uj stc i) — > (M, u') with the following properties: 

1) tp' \b(S) is holomorphic. 

2) ip' = jjj near dB(\). 

3) uj' tames J and coincides with uj on K . 

Thus, ip can always be slightly perturbed to be holomorphic near 0, 
which enables us to define the blown-up form uj^ for arbitrary symplectic 
embeddings. 
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The next lemma describes to which extent does the definition of ww, 
depend on the choices made (see | M-S | lemma 6.47). 



Lemma 3.3 1) The isotopy class of the form depends only on the em- 
bedding if) and on the germ of J at x. 

2) If two symplectic embeddings ip\ and "02 are isotopic through a family of 
symplectic embeddings of (B 2n (X),uj s td) which take to x then the corre- 
sponding blown-up forms are isotopic. 

All the above remains true for a family of balls as well, that is, every 
symplectic embedding ip = ]Jtpq ■ 11^=1 B 2n (X q ) ~~ > (M,uj) gives rise to a 
symplectic form ZJ^ on M (where M is the blow-up of M at the N points 
■01 (0), . . . , V>tv(0)); and the previous theorems still hold in this case. 

The next lemma shows that is pseudo-isotopic to a form taming J 



(see [pVI— S|l proposition 6.46). More precisely 



N 

Lemma 3.4 (McDuff-Polterovich) Let t/j : ]J (B 2n (X q ), u std ) -> (M,u) be 

a symplectic embedding. Choose an uj-tamed almost complex structure J 
on M, for which u is J-standard near ipi(0),... ,-0^(0), and let (M,J) 
be the complex blow-up at these points. Then there exists a smooth family 
{&t}te{o,i} °f symplectic forms on M, such thatujQ tames J, andoo\ =5fy. 



In what follows we'll be using the following key lemmas. The first one is an 
obvious modification of lemma 6.48(h) appearing in |M-S| |. 

Definition 3.5 Let x\, . . . ,xn be distinct points in M , andx = (x\, ... ,xn). 
We say that a symplectic embedding if) = \Jip q : U^Li(-B 2n (A g ), oj st d) — > 
(M, uj) is x- normalized iffipqify = x q f or oil q. Denote by Emb x (]Jg = i B 2n (X q ); 
M,uj) the space of x-normalized symplectic embeddings of N disjoint 2n-balls 
of radii Ai, . . . , Atv ; into M . 

Denote by Cn(M) the configuration space of M, that is 

C N (M) := {(xi, . . . ,x n ) | x q e M, Xi / Xj for all i ^ j} 
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Lemma 3.6 IfC^(M) is simply connected then the inclusion 

N N 

Emb,(]l B 2n (X q );M,u;) -> Emb(\\ B 2n (X q ); M,u) 

q=l q=l 

induces an isomorphism on the corresponding spaces of path components. 

Note that for M = CP 2 or IntB 4 (l) for example, Cn(M) is simply con- 
nected for all N, hence the above lemma implies that if two symplectic em- 
beddings (p, tp € EmbxdJ^Lx B 4 (X q ); CP 2 , a s td) are symplectically isotopic 
then they are also isotopic through an x-normalized family of symplectic 
embeddings. 

N N 

Lemma 3.7 Let (f> = <f> q and ip = J|^ ? be two x-normalized symplectic 

N 

embeddings J J (B 4 (X q ), u) st d) — * (CP 2 ,a std ). Then (f> and ip are symplecti- 

9=1 _ _ 

cally isotopic iff the blown-up forms co^ and are isotopic. 

This is a straightforward consequence of the previous lemma and of propo- 



sitions 2.6 and 2.7 from flMcD 2j . 



The following proposition shows that from our point of view there is no 
essential difference between M = CP 2 and M = IntB 4 (l), (see |McD | 
proposition 2.8). 

Proposition 3.8 (McDuff) Denote by i : IntB 4 (l) -> CP 2 \CP X the map 



t(z, w) = [sjl- I z [ 2 - I w | 2 : z:w] (z, w) € Int B 4 (l) C C x C 
Then 

1) l is a symplectomorphism (IntB 4 (l),ui stc [) — > (CP 2 \CP 1 ,(7 s u). 

2) l induces an isomorphism between i:o(Emb(Y[ B 4 (X q ); Int P 4 (l), u s t d )) 
and 

MEmb(UB 4 (X q );CP 2 ,a std )). 

In view of this proposition one can replace (CP 2 , a s t d ) by (Int B 4 (l),uj std ) 
in every place in the following, unless otherwise stated. 
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4 Pseudo-holomorphic spheres 



In this section we use pseudo-holomorphic theory to prove two key propo- 
sitions which will be used later to prove the connectedness of certain sym- 
plectic embedding spaces. 

Proposition 4.1 Let (M 4 ,loo) be a symplectic closed 4-manifold. Let So C 
M be a symplectically embedded 2-sphere which represents the 2-homology 
class A = [So] £ Hz(M;Z), with A ■ A = 0. Suppose that there does not 
exist any B € H2(M;Z) such that A = 2B. Let Jo be an ujo-tamed almost 
complex structure on M for which So is Jo-holomorphic and suppose that Jo 
is positive (that is, there do not exist any Jo-holomorphic spheres with non- 
positive l'st Chern number. See remark bellow). Let {w*}te [o,i] be a pseudo- 
isotopy of symplectic forms on M, starting atujo- Then there exists a path of 
ut-tamed almost complex structures Jt starting at Jo, and a smooth family 
of embedded J t -holomorphic spheres St, starting at So, and representing the 
homology class A. 



Remark 4.2 

1) The condition on the positiveness of Jo can weakened by requiring that 
there do not exist any Jo-holomorphic A-cusp curves (with components of 
genus 0), having some component with non-positive l'st Chern number. 

2) Note that Jo can always be slightly perturbed in such a way that it becomes 
positive, since the set of positive almost complex structures on M 4 is dense 
in the space of all almost complex structures tamed by ooo- Note also that 
given K > 0, the set of all to-tamed almost complex structures J on M 4 
satisfying the following property: 

for each B G H2(M;Z) with c\{B) < and u>(B) < K, there are 
no J -holomorphic B- spheres 

is open dense and path connected. In particular, the set of all co-tamed almost 
complex structures J, for which there do not exist any J -holomorphic cusp 
A- curves having a component with non-positive 1 'st Chern number, contains 
an open dense and path connected subset. 



Sketch of the proof of proposition 4.1. Consider the Gromov- 
Witten invariant The idea is to show that &A,j Q ([pt]) = 1, then 

to take a generic path Jt of u^-tamed almost complex structures start- 
ing at Jq, and use the independence of $a under deformations to show 
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that 5>A,J t (b*]) = ^A,j (\pt]) = 1. This will prove that there exists a Jf 
holomorphic sphere in the class A for all t. These spheres are clearly em- 
bedded by the adjunction formula. The homological condition that A is not 
divisible by 2 is imposed in order to control the behavior of A-cusp curves, 
thus insuring the possibility of using Gromov- Witten invariants. 

Finally we have to prove the existence of a smooth family St of such 
spheres. To prove this, note that since ^^j t (\pt]) = 1, there exists exactly 
one Jt-holomorphic yl-sphere through every point which does not lie on a 
Jj-holomorphic >l-cusp curve. Since the images of the Jt-holomorphic A- 
cusp curves have at least codimension 2 in M, we can choose a smooth path 
Pt of points in M starting at a point on So, such that for all t there are no 
Jj-holomorphic A-cusp curves passing through pt- This implies that for all 
t there exists exactly one J t -holomorphic ^-sphere St through p t . H 



4.1 Inflation 



Following Lalonde and McDuff (see L-M|, [ McD 3j ] lemma 3.7), we use 



the so called inflation procedure to construct J-semi positive closed 2-forms 
in suitable cohomology classes. More precisely, given a symplectically em- 
bedded 2-sphere, with self intersection number 0, and an almost complex 
structure J, for which this sphere is holomorphic, this procedure enables us 
to build a closed 2-form r, which is Poincare dual to the class of the given 
sphere, and which weakly tames J, that is t(X, JX) > for all X € TM. 
We call the following, the inflation lemma. 

Proposition 4.3 (inflation lemma) Let (M 4 ,w) be a symplectic closed 4- 
manifold. Let S C M be a symplectically embedded 2-sphere with S ■ S = 
0. Then for every uj -tamed almost complex structure J for which S is J - 
holomorphic, there exist a closed 2-form t t , weakly taming J, supported 
in an arbitrarily small neighborhood of S, and representing the cohomology 
class Poincare dual to [S] G H2(M;Z). Moreover, if ujt is a pseudo-isotopy 
of symplectic forms, {Jt}t a smooth path of ut-tamed almost complex struc- 
tures, and St a smooth family of embedded Jt-holomorphic 2- spheres with 
St ■ St = 0, then r 3 can be chosen to depend smoothly on t. 

Sketch of the proof. /,From our assumptions it follows that S has triv- 
ial normal bundle. The idea is to construct a tubular neighborhood W(S) of 
S, consisting of 2-discs in the normal direction to 5, and of A-holomorphic 
spheres in the horizontal direction (that is, sections of the tubular neigh- 
borhood), where A = [S] G H^M;!,). This is done by standard arguments 



8 



from pseudo-holomorphic theory. 

The almost complex structure J induces an orientation on these 2-discs, 
since S is J-holomorphic. Choose one such oriented 2-disc D, which is 
transverse to the ^4-spheres, and consider the projection tt : W(S) — * D. 
Choose now a bump 2-form aonfl, with small enough support, such that 

f a = 1. The form r, = ir*a is what we need. H 

j D j 

Combining propositions [4,1| and [4.3| we have 

Proposition 4.4 Let (M 4 ,ujq) be a symplectic closed ^-manifold. Let So C 
M be an u>o-symplectically embedded 2-sphere with So • So = 0. Suppose 
that there does not exist any B € H2(M;Z) such that [So] = 2B. Let Jo be 
a positive almost complex structure tamed by ojq (see remark bellow), such 
that So is Jo-holomorphic. Let {(^t}te[o,i] be a pseudo-isotopy of symplectic 
forms starting at ojq. Then there exists a path of uif-tamed almost complex 
structures Jt, and a smooth path of closed 2- forms Tt weakly taming Jt, such 
that [rt] = PD([Sq]) for allt. Moreover, the above remains true if we have a 
family Sq, . . . ,Sq of embedded Jo-holomorphic spheres with self intersection 
numbers 0, that is, there exists a smooth path of closed 2-forms r/, . . . ,t[ 
weakly taming Jt, such that [t|] = PD([Sq]) for all 1 < i < r. 

Remark 4.5 The same remarks following proposition apply here as 
well. 



5 7Tq of spaces of symplectic embeddings 

In this section we describe the method which we use in order to prove the 
connectedness of certain symplectic embedding spaces. 

Let </3_ 1 , ip 1 be two symplectic embeddings of balls into CP 2 . As was 
explained in section ||, they give rise to symplectic forms f2_i and fii, on a 
certain blow-up of CP 2 . By lemma |3.7t in order to show that ip_ x and tp 1 
are isotopic we need to show that f2_i and f2i are isotopic. 



By lemma 3.4, each of and f2i is pseudo-isotopic to forms which 
tame a common almost complex structure, hence and S7i are mutually 
pseudo-isotopic. Denote the path connecting them by {fit^ryi . 

The idea is to correct the pseudo-isotopy {&>t}te[-i,i] t° an isotopy con- 
necting and f^i by taking a positive linear combination x(t)Qt + y( l ) T t, 
of 0,t and Tt, where Tt is a suitable closed 2-form obtained by using the 
inflation lemma. We give now the precise details of the method. 
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5.1 Prom pseudo-isotopy to isotopy 

We denote CP 2 by V, to emphasize that the following method can work in 
some more general situations. 

Fix pi, . . . ,pn € V, points in general position, and set p = (p\, . . . ,Pn)- 
Let ip_ l , ip l be two p-normalized symplectic embeddings 

N N 

<Pi = II ^ : II(£ 4 (A 9 ),u; std ) (CP 2 ,<r sfd ) i = -1,1 

q=l q=l 

Without loss of generality (see lemma |3^ ) we can assume that ip_ 1 ,(p 1 are 
(i, J s )-holomorphic near the centers of the balls, where J s is the standard 

complex structure on V = CP 2 . Let (V, J s ) — > (V, J s ) be the complex blow- 
up at pi,... ,Pat- Fix a copy E^ of CP 1 C CP 2 and let = _1 (p g ) 
g = 1, . . . , N be the exceptional divisors. Let L = [Til], E q = [Eg] be 
the corresponding classes in ^(M;!*), and I = PD(L), e q = PD(E q ) € 
if 2 (M;Z) be their Poincare duals. Finally, denote by f2_i, fii the blow-up 
of the form a st( i with respect to the symplectic embeddings ip_ 1 , tp 1 . 



First we need a slightly more detailed version of lemma 3.4, which will 
be called the preparation lemma. For technical reasons it is more convenient 
for us to replace the blown-up forms Oj, by -Oj, so that their cohomology 
classes are I — J2q=i X 2 e q , rather than ir(l — J2qLi X 2 e q ). 



Lemma 5.1 (preparation lemma) In the above situation, there exists a 
pseudo-isotopy {^t}te[—i,l] connecting 0_i and S7i, such that: 

1) pt]=l-Y,q=i<x g (t) 2 e q . 

2) Og(-l) = 0,(1) = Xq- 

3) 0< a q (t) < X q for all t G [-1, 1]. 

4) Fit is symplectic on Eg for all q. 

5) fio tames J s . 

Moreover, if Aj = Xj for some i ^ j then ati,otj can be chosen to satisfy 
cti(t) = ctj(t) for all t £ [—1,1]. 



Sketch of the proof. Since this lemma is almost the same as 3.4 , we 
add here only the details which differ from |3.4| . 

According to lemma [O] there exist pseudo-isotopies {^t}te[-i,o] an d 
{^}tg[o,i] on V, such that = fij = Sli (where Sli are the 
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given blown-up forms) and such that 



N N 

P't] = i - E P?l = * - E = <(!) = A « 



As one can see from the proof of lemma 3^ (appearing in [ M-P |, propo- 
sition 2.1.B), the forms Vt t and Q 4 are obtained by shrinking the embedded 
balls to balls of radii a q (t), and then blowing-up the form a s td with respect 
to the shrinked embeddings. Since the shrinking of each of the balls can be 
made independently of the others we can control the values of a q {t) in such 
a way that < a' q (t), a q (t) < X g , and even that ot'^t) = a'j(t), a'-(t) = a"(t) 
when A, = Xj. Furthermore, the shrinking can be made in such a way 
that when t reaches 0, tp_ x and ip 1 are holomorphic on B (a q (t)), hence the 
blown-up forms O and fig both tame J s . This implies that f2 and fig can 
be joined by a linear path of symplectic forms, namely sf2 + (1 — s)f2 , 
a €[0,1]. 

We have now a path joining with formed from 3 parts. Re- 
parameterizing it and smoothing in the corners (that is, at and O ) we 
get the desired pseudo-isotopy. 



Applying the above lemma gives us a pseudo-isotopy {&t}te[-i,i] connecting 
fi_i with Qi, such that J s is tamed by The next step is to correct this 
pseudo-isotopy to an isotopy. 

Consider suitable (the meaning of "suitable" will become clear immedi- 
ately) J s -holomorphic spheres S , . . . , S r in V with self intersection numbers 



0. Using proposition |4.4j we obtain a path Jt, of almost complex structures 
tamed by fit, and a path of Jt- weakly taming closed 2-forms r t , . . . ,t[, in 
the classes s , . . . , s r , where s- 7 is Poincare dual to [S^]. 

The final step is crucial, and it reveals the meaning of the word "suit- 
able". 

Suppose we have smooth families of real numbers, x(t) > and y (t), . . . , y r (t) 
> 0, such that x{— 1) = x(l) = 1, y 3 {— 1) = j^(l) = and such that 

N r N 

x(t)(l - £ a q (t) 2 e q ) + J2 VW = I ~ E A ^ 

9=1 j=l 9=1 

If such families of numbers exist then consider the forms, 
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u t :=x{t)n t + Y,y j (t)n 

3=1 

Clearly TDt is symplectic for all t, because Tt weakly tames Jt- From our 
choice of x(t),y J (t), it follows that Ut is an isotopy connecting uJ_i = fi_i 
and lj\ = Qi, hence by lemma |3.7| , the symplectic embeddings tp_ x and tp 1 
are isotopic through a family of symplectic embeddings. 

In summary, the above method works when we can find J s -holomorphic 
spheres S ,S r in V with self intersection numbers 0, such that there 
exist smooth families of real numbers x(t) > 0, y 3 {t) > j = 1, ... ,r, 
satisfying the following cohomological condition: 

r N 

x(t)p t ] + £ y j (t)PD([S j }) =l~E x >i 

j=l q=l 

z(-l)=x(l) = l, y\-l) =y J (l) = 
Examples of applying this method for concrete cases appear in section [| 



6 Proofs of the main propositions 

Proof of proposition |2.l| (2) 

Let <p_ 1 ,f 1 : Ui(-B 4 (A), u st d) — > (CP 2 ,a st d) be two symplectic embed- 
dings with ip_ 1 (0) = (p lq (0) q = 1,... ,4, and without loss of generality 
assume that these 4 points are in general position. Denote by CP$ the 
blow-up of CP 2 at the 4 points tp 1 (0), . . . , <p x (0), and let f2_i, U% be the 
blow-ups of a s td with respect to <p_ x , ip x on V = CP 2 . 

By the preparation lemma (|5.l[) , there exists a pseudo-isotopy {^t}te[-i,i] 
connecting 0_i and f2i, such that [fit] = I — a(t) 2 J2i=i e ii where < a(t) < 
A for all t, a(— 1) = a(l) = A, and such that fio tames J s , where J s is 
the lift of the standard complex structure of CP 2 to CP 2 . Note that J s is 
positive. 

Consider a Js-holomorphic sphere So, in the homology class A := 2L — 
J2i=i Ei (that is, the proper transform of a conic through the 4 blown- 



up points). By proposition iA, there exists a path {Jt}te[~i,i], of almost 
complex structures tamed by f^, and a smooth family of closed 2-forms Tt, 
weakly taming J t , such that [tj] =21 — J2i=i e i- 
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We find now smooth families of real numbers x(t) > and y{t) > 0, 
such that x(— 1) = x(l) = 1, y(— 1) = y(l) = 0, and such that TJ t : = 
x(t)flt + y(t)rt lies in the cohomology class / — A 2 J2t=i e «> f° r an t. The 
forms uj t are symplectic because Tt weakly tames Jj. Once we prove the 
existence of the coefficients x(t),y(t) we are done, since Tjo t is an isotopy 
connecting cU_i = f2_i with ui\ = hence by lemma |3.7| ip_ x and <p 1 are 
isotopic. The connectedness of Emb(]jf B 4 (X); CP 2 , cr s td) follows now from 



lemma 3.6, and the remarks after it. 

It remains to prove the existence of the coefficients x(t),y(t). They must 
satisfy 

4 

x(t)pt]+y{t)[T t ] =l-\ 2 Y j e i 

i=l 

This is equivalent to the system of linear equations 

x(t) + 2y(t) = 1 
a{tfx(t) + y{t) = A 2 

which has the solution 



1 - 2A 2 . . A 2 - a(t) 



2 



X ( t ) = 1 n U\2 y(l) 



l-2a(t) 2 " w l-2a(t) 2 
Indeed, x(t) > 0, y(t) > and x(-l) = x(l) = 1, y(-l) = y(l) = 0. ■ 

Proof of proposition |2.l| (3) 

Essentially it is the same as the proof of (2), but here we make inflation 
with 5 curves in the classes 

5 

At :=2L- ]T E q , i = 1,... ,5 

q=l,q^i 

to obtain closed 2-forms t\ in the classes 

q=l,q^i 

Then we correct the pseudo-isotopy O t , where = I — a(t) 2 J2q=i e g> by 
finding x(t) >0,y(t) > such that x(t)\p, t ] +y(t) Ej^ifo 9 ] = ^-A 2 £- =1 ei. 
This is done by solving the system 

x(t) + 10y(i) = 1 
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a(tfx{t) + 4y(t) = A 2 

which has the solution 

x(t) 



5A 2 



y(t) 



2 - 5a(t) 2 
A 2 - a(t) 2 



2(2-5a(t) 2 ) ' 
It is easy to see that x(t), y(t) satisfy the desired conditions. 



The proofs of proposition 2.1(1), (4) require some technical details so we give 



here only outlines of their proofs. 



Outline of the proof of proposition |2.lj (l) The idea is to make inflation 
with conies as we did for 4 balls. The problem is that for making inflation 
we need curves with self intersection numbers zero, while here having only 3 
points blown-up, any two conies through them intersect. To overcome this, 
we artificially blow-up another point and make inflation with conies through 
the 4 blown-up points. After correcting the pseudo-isotopy we blow it down 
at the 4'th exceptional divisor to achieve the isotopy we need. We give now 
more precise arguments, realizing this idea. 

Consider two symplectic embeddings ip_ 1 ,ip 1 : Ui-B 4 (A) — > CP 2 , with 
(0) = ip 1 (0), and let fi_i,fii be the corresponding blown-up form on 
V = CP 2 . As before, we get a pseudo-isotopy {fit}t in the cohomology class 
[Tit] = I — a{t) 2 J2q=i e qi connecting fi_x with fii. 

Choose a point q E V which does not lie in the image of ip_ x - Clearly 
(p 1 can be isotoped in such a way that q does not lie in the image of (p 1 too. 
Consider now the point p = _1 (^) £ V . It follows from the proof of the 
preparation lemma that we can assume that is standard near p for all t, 
that is f2( = Q*cr s td near p. Choose now a very small /3 > for which there 
exist an (i, J s )-holomorphic embedding 

4> '■ B 4 (l + e) — > V, normalized at p and such that (f?£lt = f3 2 ui s td- 

Next, blow-up the forms fit with respect to eft to obtain a new pseudo- 
isotopy of symplectic forms fit in the cohomology class [fit] = I— a(t) 2 J2q=i e q 
-(5 2 e A . 

We now correct fit as we did in the proof on 4 balls by making inflation 
with conies through the 4 blown-up points to produce the closed 2-forms t% in 
the cohomology class [r t ] = 21 — J2q=i e qi an d then take uj t := x(i)fif + y(t)Tf, 
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where 

x(t) + 2y(t) = 1 

a{tfx(t) +y(t) = A 2 

Note that U t is not an isotopy yet, since pt] = I — A 2 X)g=i e <? ~~ M^) e 4> 
where = x{t)j3 2 + The point is that after blowing-down uJ t back 
to CP 2 , it becomes an isotopy u7t, connecting f2_i with f2i, hence the two 
embeddings ip_ x and are symplectically isotopic. H 

Outline of the proof of proposition |2.1] (4) 

The proof is very similar to the proof of ^Tl|(l), only that here we make 
inflation with quintics on CP 2 = (CPg)j rather then with conies. The 
relevant homology class here is A = 5L — 2 J2q=i Eg ~ Ef. M 



Proof of proposition 2.2 



Here we make inflation with curves in the classes A{ := L — E{, i = 
1,... ,N on the blow-up of CP 2 at N points, V = CP^. The standard 
complex structure J s on CPjy is no longer positive when N > 9, however 



following the remark after proposition 4.1, one shows that there do not 
exist any J s -holomorphic vlj-cusp curves which have a component with non- 
positive l'st Chern number. 

The proof now proceeds as in [0](2). The correction of the pseudo- 
isotopy is made by finding x(t),yi(t), . . . , yjv(*) such that 

N N N 

x (t)(l - a q {t) 2 e q ) + ~ e ?) = 1 ~ £ 

q=l q=l 9=1 

One easily computes that 



1 ~ J2q=l 



< l ) = , - WW = A i " a i(*) 2;r (*) 



are suitable for our purposes. 

The fact that Emb(Uq=i B 4 (X q ); CP 2 , a st d) is non-empty follows from 
Nakai-Moishezon criterion, by which it is easy to show that the cohomology 



class I — Ym!=\ ^q e q is Kahler when X^=i < 1 (see [|M-P| theorem 1.3.D). 
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Proof of corollary 2.3 

The proof is based on the following proposition 

N 

Proposition 6.1 Suppose that Emb(Y\_ B 4 (^j, q ); CP 2 , o~ s td) is non-empty and 

9=1 

connected. 

N 

1) Let < Aj < fii for all i, then £ , m6(JJ B 4 (X q );CP 2 ,o~ s td) is connected 

q =i 

iff the restriction map 

N N 
Emb(]l B 4 (p q );CP 2 ,a std ) ^ Emb(\\ B\\ q );CP 2 ,a std ) 

q=l q=l 

is surjective. (where Res(]\ip q ) = ]\{y q \ B 4 (Xq) ))- 

r 

2) Let 1 < r < N, then Emb( J J P 4 (/i g ); CP 2 , a s td) is connected iff 

9=1 

N r 

Emb([[ B\ N )- CP 2 , a std ) ^ Emb{\[ B% q ); CP 2 , a std ) 

q=l q=l 

is surjective. (Where Res(]Ji (p q ) = TJj <p q ). 

Proof. 1) Suppose that Emb(X) is connected (A stands for (Ai, . . . , Ajy))- 
Let tp 1 : ]}% =x B\\ q ) -> CP 2 G Emb{\). Choose any Tp : UJLi(m</) -► 
CP 2 S Emb(fj,), and set <^ = ResiTp) € Emb(X). According to our as- 
sumptions, y? and </? 1 are isotopic through a symplectic isotopy {<^t}te[o,i]- 
Let L € Pi2{CP 2 ;'L) be the homology class of a projective line. Clearly there 
exists a smooth family of embedded 2-spheres St C (CP 2 , a s td) representing 
the homology class L, such that for all tStf) im (p t = 0. Using Banyaga's 
theorem on extensions of symplectic isotopies, extend <p t to an ambient sym- 
plectic isotopy F t . We have F t oip Q = ip t for all t, hence Pi o Tp £ Emb(fi) 
and Res(F\ oTp) = ip x . 

Conversely, if Pes is surjective then clearly Emb(X) is connected. 

2) The proof is very similar to (l)'s. H 
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The proof of corollary 
tions |0 and |2TT . 



follows now immediately by combining proposi- 



7 Generalizations 

In this section we propose some generalizations of results stated in section ||. 
Proposition 7.1 (generalization of |2.1|(2)) 

4 

Let < Ai < A2 < A3 < A4 < A^, and suppose that ^ X 2 < 1 + 2A^, 

q=l 

4 

then Emb( J J B 4 (\ q ); CP 2 , o~ s td) is connected. 

q=l 

Proof. The proof is based on the inflation procedure, but here we 
have to overcome some technical difficulties arising from the balls being of 
different sizes. 

As before, we would like to make inflation with curves in suitable ho- 
mology classes to produce the forms , and then find coefficients x(t) > 
y 3 (t) > satisfying 

x(t)(l - a g (t) 2 e q ) + £ y>\t)[4] = J - £ \\e q (1) 

q=l j = l q=l 

The problem is that in our case, if we attempt to make inflation with curves 
in the class A = 2L — J2 q =i E q then equation ([[]) gives us a system of 
5 equations in 2 unknowns x(t),y(t), which generally does not have any 
solutions (unless Ai = • • • = A4 for example). 

The idea is to control the values of the shrinking coefficients a q (t) in 
such a way that the equations in this system become dependent. 

Suppose that Ai < • • • < A4 < A= and Yl q =i ^q < 1 + 2Af. By making 
inflation with conies through the 4 blown-up points we get the forms Tj in 
the cohomology class fa] = 21 — J2q=i e q- I n our case f ne cohomological 
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condition ([[]) gives the system 



x(t) + 2y(t) = l (2) 
a q (tfx{t) + y(t) = X 2 q 
q=l,... ,4 

To make this system of 5 equations have a solution we must control the 
values of the a g (i)'s. It follows from the proof of the preparation lemma 
that each of the a q {t) can be chosen independently from the others, and 
that each a q (t) can be chosen to be any positive smooth function satisfying 
the following conditions: 

1) < a q {t) < \ q for all t. 

2) a q {-\) = a q {l) = X q . 

3) a q (0) is small enough (more precisely, we need that (p_ 1 ,<p 1 be holomor- 
phic on B 4 {a q (0)) ). 

In view of this, choose a small positive number e, and take a± be a 
smooth function satisfying conditions 1-3 above, and such that a\(t) < e for 
t near 0, say t £ [—5, 5}. Now define a2, 03,04 to be such that 

-1 ^ 

a q {tf = -[l- T -^(l-2a 1 {t) 2 )} q = 2,3,4 (3) 

A straightforward computation shows that now the system (^) has solu- 
tions x(t) > 0,y- 7 (t) > 0, and that the a q s satisfy conditions 1-2. The only 
problem is that 02, 03, 04 may not satisfy the 3'd condition as one can check 
from equation (t3T) . 

To overcome this, note that when e — > + we have a q (±5) — >■ — — 1 - 
1, 2, 3, 4. Hence we have 



T^2A2 



4 V 4 X 2 zLX 2 

^^^e^ 1-2A* <X 

9=1 



Choose a small enough e, for which J2q=i a g(^) 2 < 1- «LFrom propo- 



sition 2^ and it's proof it is easy to see that the forms and 0,$ are 
isotopic. 

We have now a pseudo-isotopy connecting f2_i with f2i, consisting of 
3 parts: —1 < t < —5, —5 < t < 5, 5 < t < 1, where the 2'nd part 
comes from the isotopy between f2_£ and f^, while the l'st and 3'd parts 
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are taken from Q t . Denote this pseudo-isotopy by Q t , and suppose that 
[Q t ] = I — Y^q=i a 'q(t) 2e q- According to the way we have constructed this 
pseudo-isotopy, if we replace the a g 's by a' 9 's in the system it becomes 
solvable, hence and fix are isotopic. I 

Proposition 7.2 (generalization of |2.1|(3)) 

5 

Let < Ai < • • • < A5 and suppose that ^ A 2 , > 4A 2 , then 

q=l 

5 

Emb{ J J B 4 (X q );CP 2 ,a st d) is connected (provided it is non-empty). 

q=l 

Proof. Here we make inflation with curves in the classes 

5 

Ai :=2L- ]T E q , i = 1,... ,5 

q=l^i 

to obtain closed 2-forms t\ in the classes 

M] = 2l- £ ^ 

q=\,q+i 

The correction of the pseudo-isotopy to an isotopy yields the equations 

z(t)+2xy(t) = i 

q=l 

ai- 4 (t) 2 x(t) + y*-*® + y l -\t) + tf-^t) + y\t) = A 2 _ 4 

i = 1,... ,5 

(here we use the convention that y°(t) = y 5 (t) y~ l = y 4 (t) etc.). 
This system has the solution 

5 5 

^W = 7[(E A ' -4Af)-x(t)(^a 9 (t) 2 -4a i (t) 2 )] 

g=l q=l 

The proof is completed as soon as we show that x(t) > 0, y l (t) > for 
all t. Since < a q (t) < X q and J2q=i < 2 (the last inequality comes from 
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packing obstruction, see M-P| ] ) , we have < x(t) < 1. In order that the 



y l (t) be non- negative we need that 

5 5 

£ A 2 - 4Af > !(t)£ a 9 (t) 2 - 4a,(t) 2 ) (4) 

for all 

For this inequality to hold we control the values of the a q s in the fol- 



lowing way (compare with the proof of proposition 7.1): 

Choose some small positive number 5. When [ t |> 8 define a q (t) = 
| t | X q , while on | t |< S take the a g (i)'s to be such that the following 
inequalities hold: 

1) < a x (t) < a 2 (t) < ■ ■ ■< a 5 (t) 

2) EU X l -4Al>E^=ia g (0 2 -4 ai (t) 2 

It is easily seen that such a controlling of the a q s is possible when 5 is 
small enough, and that the above conditions imply that inequality (||) holds, 
hence y l (t) > 0. ■ 



The following proposition can be proved in a similar way as 7.1 and fO(l). 



Proposition 7.3 (generalization of [2.l|(l)) 

3 

Let < Ai, A2, A3 < -j= then Emb{ J J B 4 (X q ); CP 2 , o- s td) is connected. 

q=l 



Proposition 7.4 Let N > 7, 0<A<y^ then the space 

N 

Emb(Y\_B 4 (X);CP 2 , o~ s td) is non-empty and connected. 
1 

Outline of the proof To prove this, one has to make inflation 
with ./V quintics in CPjy , in the homology classes Ai = 5L — 2 X^t=i E q — 
Ei + § i = 1, . . . , N (here we use the convention that E^ +r = E r for r = 
1, . . . ,6). All the other details of the proof are quite similar to those of 



the proofs of propositions 2.1 and 2.2. Here again one has to overcome the 



non-positiveness of J s . This can be done by using remark L2. 

It remains to show that the above embedding spaces are non-empty. This 
follows from a result due to Xu (see [)Xu[| ), according to which Emb(]Ji B i (X); 
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CP 2 ,a std ) + 0, when A 2 < ^(j=±. Indeed, if N > 8, then $ < 



while for iV = 7 it is well known (see | M-P| ]) that there exists a symplec- 
tic embedding of 7 equal disjoint 4-balls of any radius which is less then 
J%. Clearly J$ < y/f. This proves that Emb(JJi B i (X);CP 2 ,a std ) is 

non-empty when N > 7, < A < 
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5JV" 



Proposition 7.5 Let < Ai < A2 < A3 < A4 < A < and suppose that 
4 4 

every symplectic embedding TT B 4 (X q ) —> (CP 2 , a s td) 

q=l q=l 

4 

can be extended to a symplectic embedding Y\_B 4 (X) — > (CP 2 ,a st d)- 

1 



Proof. This is just a combination of proposition [7.1| and 3T 



By combining propositions 7.2,7.3 with proposition 3.1, one can prove 



similar results for extensions of embeddings of 3 and of 5 balls of different 
radii. 



7.1 Remarks 

The inflation method can also be used to provide some information on higher 
homotopy groups of the embedding spaces. For example, in order to show 
that 7Ti of some embedding space vanishes, one has to make 2-parametric 
inflation in order to span loops of symplectic embeddings by discs of such 
embeddings. However, one has to be careful when using pseudo-holomorphic 
curves, since generally in 2-parametric families bubbling with curves having 
l'st Chern number zero may occur. We leave this discussion to another 
paper. 
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